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ABSTRACT 

Using o n e - c e n t e r  wave f u n c t i o n s  of Huzinaga f o r  t h e  hydrogen 

molecule t o g e t h e r  w i t h  t h e  Born and Ochkur approximat ions ,  t h e  

e x c i t a t i o n  of t h e  molecule form t h e  ground state t o  t h e  B and C 

e l e c t r o n i c  states by e l e c t r o n  impact h a s  been i n v e s t i g a t e d .  The 

shape of  t h e  c u r v e s  f o r  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  and f o r  t h e  

o s c i l l a t o r  s t r e n g t h  i s  i n  accord wi th  t h e  exper imenta l  r e s u l t s  of 

Geiger,  The e f f e c t  of exchange i s  t o  reduce t h e  s c a t t e r i n g  c r o s s  

s e c t i o n s .  
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I. INTRODUCTION 

S ince  t h e  molecular  p o t e n t i a l  i s  not  s p h e r i c a l l y  symmetr ical ,  

t h e  t h e o r e t i c a l  i n v e s t i g a t i o n  of t h e  s c a t t e r i n g  of e l e c t r o n s  by 

molecules  i s  more d i f f i c u l t  i n  comparis ion wi th  s i m i l a r  i n v e s t i g a t i o n s  

f o r  atomic t a r g e t s .  Using Born approximation,  Massey and Mohr' have 

eva lua ted  c r o s s  s e c t i o n s  f o r  t he  e x c i t a t i o n  of t h e  hydrogen molecule 

by e l e c t r o n  impact from t h e  ground state 

s t a b l e  e x c i t e d  state B@w 5;). 
of Wang' and of Guilfemin and Zener3 f o r  t h e  ground state and f o r  t h e  

e x c i t e d  state r e s p e c t i v e l y ,  S i m i l a r  i n v e s t i g a t i o n s  w e r e  c a r r i e d  o u t  

by Roscoe4 f o r  t h e  e x c i t a t i o n  of t h e  molecule t o  B ( 2 b 6  'c ), c (2t;n 'nu), 
3(3b.Tr 'nu) and X O % d  ' + states. For 

x (  ' G )  t o  t h e  lowest  

They employed two-center  wave f u n c t i o n s  

% )  
t h e  e x c i t e d  s ta tes  MacDonald's5 wave f u n c t i o n s  were used i n  which t h e  

i n n e r  e l e c t r o n  i s  being r e f e r r e d  t o  the two n u c l e i  and t h e  c e n t e r  of t h e  

molecule i s  t h e  o r i g i n  of t h e  c o - o r d i n a t e s  f o r  t h e  e x c i t e d  e l e c t r o n .  

Even wi th  such simple wave f u n c t i o n s  approximations were used t o  

e v a l u a t e  t h e  m u l t i - c e n t e r  i n t e g r a l s .  

have employed two-center  wave f u n c t i o n s  f o r  t h e  i n v e s t i g a t i o n  of  t h e  

Recent ly  Khare and Moiseiwitsch6 97 

elast ic  s c a t t e r i n g  of e l e c t r o n s  by molecular  hydrogen and t h e  d i s s o c i a t i o n  

of t h e  hydrogen molecule due t o  e l e c t r o n  impact b u t  t h e r e  aga in  t o  avoid 

lengthycomputat ion t h e  i n t e g r a l s  w e r e  eva lua ted  f o r  l a r g e  i n t e r n u c l e a r  

separat ion. .  However a l l  such i n t e g r a l s  can be e a s i l y  eva lua ted  i f  

one -cen te r  wave f u n c t i o n s  a r e  used f o r  bo th  t h e  i n i t i a l  and f i n a l  s ta tes  

of t h e  molecule.  

be inc luded  by t h e  use of some simple exchange approximation l i k e  t h a t  

proposed by Ochkur'. 

With such a t r ea tmen t  t h e  e f f e c t  of exchange may a l s o  
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Recent ly  Geiger’ h a s  c a r r i e d  o a t  exper imenta l  i n v e s t i g a t i o n  on 

t h e  e x c i t a t i c n  of hydrcgen Eo1ecule by h i g h  energy  (25  kev) e l e c t r o n  

impact .  Because of low energy r e s o l u t i o n ,  t h e  d i f f e r e n t i a l  c r o s s  

s e c t i o n s  and t h e  g e n e r a l i s e d  o s c i l l a t o r  s t r e n g t h s  are g iven  as t h e  

sum f o r t h e  e x c i t a t i o n  of  t h e  hydrogen molecule  t o  t h e  B and C states. 

The shape of t h e  exper imenta l  cu rves  shows a f a i r  agreement wi th  t h e  

t h e o r e t i c a l  r e s u l t s  of Roscoe4 b u t  a t  s m a l l  a n g l e s  of s c a t t e r i n g  t h e  

exper imenta l  v a l u e s  are 20 - 30 $ higher .  

t h e  problem us ing  o n e - c e n t e r  wave f u n c t i o n s  which allows a l l  the i n t e g r a l s  

t o  be  eva lua ted  e x a c t l y  and with l i t t l e  l a b o r .  

It  i s  of i n t e r e s t  t o  examine 

L 
11. THEORY 

According t o  t h e  f i r s t  Born approximation t h e  d i f f e r e n t i a l  cross 

s e c t i o n  f o r  t h e  

e l e c t r o n  having 

g iven  b y l o  ( c f .  

e l e c t r o n i c  e x c i t a t i o n  d t h e  hydrogen molecule  by a n  

ko and ka as the  i n i t i a l  and f i n a l  wave v e c t o r s  i s  

Pee k1 ) 
- - 

. where K_ i s  t h e  change i n  the wave v e c t o r  of t h e  i n c i d e n t  e l e c t r o n  which 

l i e s  a f t e r  s c a t t e r i n g  between t h e  s o l i d  a n g l e  0 and 

R i s  t h e  i n t e r n u c l e a r  d i s t a n c e ,  s a n d 4  are t h e  p o l a r  a n g l e s  which f i x  

t h e  i n t e r n u c l e a r  axis R_ wi th  r e s p e c t  t o  K_, 

v i b r a t i o n  wave f u n c t i o n  and 

+ d w  J 

J ( R )  i s  t h e  i n i t i a l  
$9 
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where yo and 

t i n a l  states of t h e  molecule r e s p e c t i v e l y  and t h e  p o s i t i o n  v e c t o r s  

T, - and Ti of t h e  molecular  e l e c t r o n  be ing  r e f e r r e d  t o  t h e  c e n t e r  of 

t h e  molecule. 

depend upon t h e  f i n a l  r o t a t i o n a l  and v i b r a t i o n a l  states which remainf 

unreso lved .  

\&,cRl12 h a s  s t r o n g  s lowly  w i t h  t h e  i n t e r n u c l e a r  d i s t a n c e  R and 

maximum at  t h e  e q u i l i b r i u m  i n t e r n u c l e a r  d i s t a n c e  R I 05 the. ground 

are t h e  e l e c t r o n i c  wave f u n c t i o n s  of t h e  i n i t i a l  and y.'n 

I n  d e r i v i n g  (1) it h a s  been assumed t h a t  kn and K do n o t  

F u r t h e r  w e  assume t h a t  t h e  e l e c t r o n i c  wave f u n c t i o n s  vary  
a_ 

r 
0 

state.  Hence (1) reduces  t o  

To i n c l u d e  exchange we employ Ochkur' approximation accord ing  t o  

which i f  f n  is t h e  d i r e c t  s c a t t e r i n g  ampl i tude  f o r  an e l e c t r o n  s c a t t e r e d  

by t h e  hydrogen molecule ,  t h e  exchange s c a t t e r i n g  ampl i tude  gn  i s  g iven  by 

n 
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S i n c e  t h e  ground state of t h e  hydrogen molecule c o n s i s t s  of two 

e l e c t r o n s  bound i n  a s i n g l e t  sp in  state, t h e  d i f f e r e n t i a l  c r o s s  

s e c t i o n  i n c l u d i n g  exchange i s  g iven  by 

Changing t h e  v a r i a b l e  of  i n t e g r a t i o n  from 0 t o  K w e  o b t a i n  t o t a l  

e x c i t a t i o n  c r o s s  s e c t i o n  

where 

and 

Kmax = k + k 
0 n 

Kmin = ko - k 
n 

I f  t h e  energy of t h e  i n c i d e n t  e l e c t r o n  i s  h igh  (25 kev i n  the  

w i l l  be very  c l o s e  t o  k expe r imen ta l  i n v e s t i g a t i o n  of Geiger ') ,  k 

and t h e  e f f e c t  of exchange w i l l  be n e g l i g i b l e .  Under such c o n d i t i o n s  

n 0 

t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  r educes  t o  



which i s  independent  of k and k . The g e n e r a l i s e d  osci l la tor  

s t r e n g t h  Fn(k)  may be expressed i n  t e r m s  o f  d i f f e r e n t i a l  cross 

s e c t i o n  by t h e  fo l lowing  r e l a t i o n  (cf, Mott and Massey'') 

0 n 

F ( k )  reduces  t o  o s c i l l a t o r  s t r e n g t h  f o r  K equa l  t o  zero .  

I n  t h e  p r e s e n t  i n v e s t i g a t i n n  w e  t a k e  Huzinaga' s' 

n 

one -cen te r  

wave f u n c t i o n s  g iven  by 

and 

I 
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and yeMare t h e  normalised sphe r i ca l  harmonics. 

f u n c t i o n  of t h e  C state t a k e s  i n t o  account  t h e  f a c t  t h a t  t h e  state i s  

The e l e c t r o n i c  wave 

doubly degenera te .  For  equal t o  1.4, which i s  e q u i l i b r i u m  i n t e r -  

n u c l e a r  d i s t a n c e  of t h e  ground state, t h e  v a l u e s  of t h e  v a r i o u s  

parameters occur ing  i n  t h e  above wave f u n c t i o n s  are as  follow^'^: 
0 

C1 = 0.99560365 yi = 0.8 7% = 0.520 

C z  = - 0.09366858 2 = 1.6 

C3' 0. a9949475 = 0.761157 

7; = 0.436 

(14) 

~ 

6 = 0.524208 'p1 = 0.253Q2 

= 0.273048 = 0.110674 

3, 2 1.1 c+ = 1.1 

4 2  = 4.3 . l.3 = 4.3 

A s  t h e  v a l u e s  of r6 and TC are n o t  g iven  by Huzinaga'3 a t  R 3 1.4, 

they  have been determined v a r i a t i o n a l l y  . 
t 2. 

Employing (7) t o  (13) and c a r r y i n g  o u t  t h e  i n t e g r a t i o n ,  w e  o b t a i n  

e x p r e s s i o n s  f o r  t h e  d i f f e r e n t i a l  and t h e  t o t a l  c r o s s  s e c t i o n s  and t h e  

g e n e r a l i s e d  o s c i l l a t o r  s t r e n g t h .  

l e n g t h l y  they  need n o t  be given he re .  

A s  t h e  f i n a l  e x p r e s s i o n s  are q u i t e  

However, it may be mentioned thst  



bo th  f o r  B and C s ta tes  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n ,  which can  be 

ob ta ined  a n a l y t i c a l l y ,  f a l l s  as  K- f o r  h igh  

K t h u s  resembling t h e  ' p  s t a t e  of hel ium from which they  derive. 

h i g h  K behaviour  of  t h e  p r e s e n t  d i f f e r e n t i a l  cross s e c t i o n  f o r  B state 

t h u s  d i f f e r s  from t h a t  ob ta ined  by Roscoe4 where t h e  c r o s s  s e c t i o n  

f a l l s  as K-'~. 

2 14 
f o r  s m a l l  K and as K -  

The 

111. RESULTS AND DISCUSSIONS 

To have an  i d e a  of t h e  u s e f u l n e s s  of t h e  p r e s e n t  one -cen te r  wave 1 

f u n c t i o n s  w e  have shown i n  Table 1 t h e  energy  v a l u e s ,  t h r e s h o l d  e x c i t a t i o n  

p o t e n t i a l s ,  and d iamagnet ic  s u s c e p t i b i l i t y  of t h e  molecule  a t  R = 1.4 as I 

ob ta ined  by employing (11) through (14). 

v a l u e s  wi th  t h o s e  ob ta ined  by more e l a b o r a t e  one -cen te r1  

c a l c u l a t i o n s  and t h e  expe5imental  va lues9  l 7  i n d i c a t e s  s a t i s f a c t o r y  

A comparis ion of t h e  p r e s e n t  

1 6  I and two-center  

agreement and t h u s  p rov ides  us  some degree  of conf idence  i n  t h e  v a l u e s  I 

of t h e  s c a t t e r i n g  c r o s s  s e c t i o n s  which are p resen ted  h e r e .  

I n  F igu re  1, w e  have shown t h e  sum of t h e  d i f f e r e n t i a l  cross 

s e c t i o n s  f o r  B and C states as ob ta ined  from (9) a long  w i t h  t h e  expe'ri-  I 

mental  v a l u e s  of Geiger' and the  t h e o r e t i c a l  v a l u e s  of Roscoe4. 

shape of t h e  cu rve  i s  i n  f a i r  agreement wi th  t h e  expe r imen ta l  v a l u e s  

The ~ 

i 
a l though  t h e  a b s o l u t e  exper imenta l  v a l u e s  l i e  i n  between t h e  two 

t h e o r e t i c a l  curves .  Such agreement should be regarded  as s a t i s f a c t o r y ,  

p a r t i c u l a r l y  i n  view of t h e  f a c t  t h a t  t h e  a b s o l u t e  expe r imen ta l  v a l u e s  

h a s  been ob ta ined  by normalizing t h e  exper imenta l  d a t a  f o r  t h e  e las t ic  

s c a t t e r i n g  of t h e  e l e c t r o n s  by t h e  hydrogen molecule  w i t h  t h e  t h e o r e t i c a l  

v a l u e s  of Roscoe", I n  F igu re  1, f o r  t h e  sake  of c l a r i t y ,  t h e  d i f f e r e n t i a l  
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cross s e c t i o n s  f o r  t h e  B and C states are n o t  shown s e p a r a t e l y  b u t  

t h e y  can be e a s i l y  ob ta ined  from Figure  2 where t h e  g e n e r a l i z e d  

o s c i l l a t o r  s t r e n g t h  i s  p l o t t e d  as a f u n c t i o n  of  l n ( k 2 ) .  

';&en 12.6 eV t o  be e x c i t a t i o n  t h r e s h o l d  p o t e n t i a i  f o r  bo th  B and C 

states as ob ta ined  by Geiger'. Taking e x c i t a t i o n  t h r e s h o l d  p o t e n t i a i s  

equa l  t o  those  ob ta ined  from (11) and (12)  does  n o t  change t h e  r e s u l t s  

by any a p p r e c i a b l e  amount. From Figure  2,  w e  n o t i c e  t h a t  t h e  o s c i l l a t o r  

s t r e n g t h  f o r  B and C states are 9.39 and 0.31 r e s p e c t i v e l y .  The v a l u e  

f o r  t h e  C state i s  i n  e x c e l l e n t  agreement wi th  t h e  exper imenta l  v a l u e  

and l ies  i n  between t h e  va r ious  t h e o r e t i c a l  va lues" ,  b u t  t h e  v a l u e  f o r  

t h e  B state i s  r a t h e r  h igh  as compared t o  the v a l u e s  ob ta ined  by o t h e r  

i n v e s t i g a t o r s ,  t h e  reason  f o r  which remains obscure .  

W e  have 

From F i g u r e  3 w e  n o t i c e  t h a t  t h e  e f f e c t  of exchange i s  t o  reduce  

t h e  t o t a l  c r o s s  s e c t i o n  throughout  t h e  energy  range of t h e  i n c i d e n t  

e l e c t r o n  but  t h e  r educ t ion  i s  a p p r e c i a b l e  on ly  n e a r  t h e  t h r e s h o l d  of 

e x c i t a t i o n .  It may be f u r t h e r  no ted  t h a t  tb p r e s e n t  c r o s s  s e c t i o n s  

are h i g h e r  t han  those  es t imated  by Craggs and Massey" from the d i f -  

f e r e n t i a l  c r o s s  s e c t i o n s  given by Roscoe4. 

F i n a l l y  it may be mentioned t h a t  s i n c e  s a t i s f a c t o r y  r e s u l t s  have 

been ob ta ined  even wi th  simple one -cen te r  wave f u n c t i o n s  as empioyed i n  

t h e  p r e s e n t  i n v e s t i g a t i o n ,  such wave f u n c t i o n s  should f i n d  more p l a c e  

i n  t h e  molecular  s e a t t e r i n g  i n v e s t i g a t i o n s  . Work i s  i n  p r o g r e s s  with 

one -cen te r  wave f u n c t i o n s  for t h e  e x c i t a t i o n  of t h e  grourd s ta te  hydrogen 

molecule  t o  t r i p l e t  e x c i t e d  s t a t e s  by e l e c t r o n  impact.  

2: 
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FIGURE CAPTIONS 

F i g u r e  1. Sum of t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n s  f o r  t h e  ine las t ic  

s c a t t e r i n g  of 25 kev e l e c t r o n s  which excite t h e  ground 

state hydrogen molecule t o  B and C e l e c t r o n i c  states: 

.- A - present ;  B - R C S Z ~ E ~ ;  3 .- experimeiita~ p o i n t s  of 

Geiger  . 
Curves B and C g i v e  gene ra l i zed  o s c i l l a t o r  s t r e n g t h  f o r  t h e  

e x c i t a t i o n  of t h e  ground s ta te  hydrogen molecule by 

e l e c t r o n  impact t o  the  B and C e l e c t r o n i c  states r e s p e c t i v e l y  

and S deno tes  t h e i r  sum. For comparison, t h e  exper imenta l  

p o i n t s  0 of Geiger9 f o r  t h e  sum and t h e  cu rves ,  marked w i t h  

t h e  s u f f i x  R ,  ob ta ined  from t h e  r e s u l t s  of Roscoe are a l s o  

9 

Figure  2. 

shown 

F i g u r e  3. To ta l  c r o s s  s e c t i o n s  f o r  t h e  e x c i t a t i o n  of t h e  ground state 

hydrogen molecule t o  t h e  B and C e l e c t r o n i c  s ta tes  by 

e l e c t r o n  impact :  D - Born Approximation; E - Born - Ochkur 

Approximation; F - Born c r o s s  s e c t i o n  e s t ima ted  by Craggs a d  

Massey" from t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n s  of Roscoe4. 
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